Abstract. We study a spectral sequence converging to the cohomology of the configuration space of n ordered points in a manifold. A chain complex is constructed with homology equal to the E2 term. If the field is the rationals and the manifold is formal then the spectral sequence is shown to collapse. The results are applied to compute the Anderson spectral sequence converging to the cohomology of a function space. In 1969-1970, Gelfand and Fuks [6] wrote a series of papers on the continuous cohomology of the Lie algebra of vector fields on a manifold M. They introduced a pair of spectral sequences for such a study. Based on the results of Gelfand-Fuks, Bott and Fuks conjectured that the continuous cohomology of the Lie algebra of vector fields was the usual cohomology of a certain function space, namely, that of the space of sections of a certain associated bundle to the tangent bundle of M.
Introduction
From the point of view of homotopy theory, a very natural problem is to describe the topology of function spaces. In 1956, R. Thorn [13] wrote a seminal paper. In 1972, D. Anderson [1] , using the notion of a cosimplicial space introduced by Bousfield and Kan [4] , obtained a spectral sequence for the homology of function spaces. In 1969-1970, Gelfand and Fuks [6] wrote a series of papers on the continuous cohomology of the Lie algebra of vector fields on a manifold M. They introduced a pair of spectral sequences for such a study. Based on the results of Gelfand-Fuks, Bott and Fuks conjectured that the continuous cohomology of the Lie algebra of vector fields was the usual cohomology of a certain function space, namely, that of the space of sections of a certain associated bundle to the tangent bundle of M.
Haëfliger [7] and Bott and Segal [3] in 1978, using entirely different methods, proved the Bott-Fuks conjecture. The method followed by Bott and Segal was to utilize the ideas of Anderson. The cohomology of "configuration spaces" appears in the computation of the Tij-term of the above spectral sequences. In 1978, F. Cohen and L. Taylor [5] were able to compute the cohomology of the configuration spaces for a certain class of manifolds, and applied these results to describe the Gelfand-Fuks cohomology of these manifolds. Also, there has been interest in the configuration spaces as they appear as approximations to certain function spaces (see [2, 9] ). In this paper we study the configuration spaces and the function spaces as outlined by Bott-Segal. In both instances the cohomology can be obtained from a double complex. A double complex comes with its two natural nitrations and thus produces two spectral sequences.
If we take the rationals as the coefficient groups, we may use the Sullivan cochains [ 12] which are commutative, and these double complexes become functors on the cochain algebras which preserve weak equivalences. Recall that a space X is formal if its Sullivan rational cochain algebra is weakly equivalent to its rational cohomology algebra.
For formal spaces, collapsing results on the spectral sequences emerge and thus also some computational theorems (see § §3 and 7)-.
Also, the two spectral sequences of Gelfand-Fuks appear when we describe the Bott-Segal spectral sequence for the space of sections in §7.
This paper grew thus from our attempts to understand the work of GelfandFuks-Bott-Segal on the one hand, and that of Segal, Cohen, Taylor, McDuff [9] and Bödigheimer [2] on the other. We want to thank E. Antoniano, W. Browder, E. H. Brown, G. Carlson, F. R. Cohen, M. Hopkins, and D. M. Kan for many helpful and illuminating discussions while trying to understand the results presented here.
THE SPECTRAL SEQUENCE OF A SIMPLICIAL SPACE
Recall from [4] the notion of a simplicial space. Let Ap be the standard /z-simplex; Ap c Rp+ consists of points t = (t0, ... , tp) with 0 < t,< 1 and
and e(: Ap -» Ap_1, i = 0, ... , p -I , given by ei(t0,...,tp) = (t0,...,ti_l,ti + ti+1,...,tp).
A simplicial space X = {X }°°=Q is a family of spaces X and continuous maps {Uxuu2}u(ix uxnu2)/~, where ~ glues t/, and U2 to the top and bottom of (/ x U{ n U2). This is clearly the homotopy type of Y.
We may also consider a simplicial complex K with K = |J K¡, where the Ki are the subcomplexes, and proceed as above to define a simplicial space {Vp} = y and again |V| is of the same homotopy type as K .
A chain functor is a functor from the category of topological spaces and continuous maps to the category of chain complexes. We assume there is an Eilenberg-Zilber chain map, Given the simplicial space X and a chain functor Ct, we may form {Ct(X )} which is a double complex with the following differentials: Thus, /z(^x) = öp(9zp®x) + (-l)pÖp(/p®9x) = Öp(ö(zp®x)) = ÖÖp(zp®x) = dp(x), i.e., p is a chain mapping.
In a similar fashion, we can pass to cochains and define a cochain mapping p*:C"(\X\)^ 0 C(Xp). Having the double complexes C*(X) and C*(Y, X) we may produce two spectral sequences. We will be interested mainly in the one that has Ep 7 7*(X ) in the absolute case. In the relative case, Ep ~ H*(X x). We may apply the ideas of §1 to construct a double complex for C*(D"K) and C*(K" , DnK). DnK is called the fat diagonal. Given a topological space X, let DnX = {(x,, ... , xn)|x( e X, x( = x }, some pair i ^ j . Proposition 2.1. \DnK\ and Dn\K\ are of the same homotopy type.
We now want to describe the spectral sequence associated to the fat diagonal. Assume K is a simplicial complex, triangulared so that K" has D"K and D"jK as subcomplexes. Assume that zz is fixed, so that we will write DK and D,-K instead of Dn. Example 1.1 applies to Dk with covering {D,..}. The set of (zc-l)-simplices, V,_. , is the disjoint union of spaces D, = Dn ¡, n • • • n Dn , , where / = {(z,, j2), ... , (ik , jk)} is a sequence of 2-tuples of integers (a, b) with 1 < a < b < n . It is clear that D¡ is homeomorphic to Kr( for some function r of /. To describe r(I) we let 67(7) denote a graph with vertices {1, 2, ... , zz} and edges (ix,;',),..., (ik, jk). G(I) breaks into Cx, ... ,Ct connected components, and Dj = {(x,, ... , xn)\xi = Xj iff i, j e Cm for some m}.
Hence r(I) = t = the number of connected components of 67(/). For example if n = 7, and / = {(1,6), (2,4), (2, 5)} then:
D¡ -{(xi -• • • » xn)\xi -xj iff ' and j are in the same component of 67 (7)} and Dj is homeomorphic to K . Let |7| = length of / = k. We thus have Proposition 2.2. The spectral sequence for (Kn ,DnK) has Eqx = @H*(Kr(I)).
\I\=9
We now want to describe the £2-term of the spectral sequence. Let R be some ground ring and let A(2) be an exterior algebra over R on generators hu, I < i < j < n, graded by |Af.| = 1. Let a = £A^. Then a2 = 0, so if we define d: A(2) -► A(2) by dx = ax , d is a differential and (A(2), d) is acyclic. To see this notice that A is isomorphic to the exterior algebra on generators, {A.., a\(i, j) ^ (1, 2)}. So every element annihilated by a is divisible by a. Now let A be a commutative differential graded augmented algebra over R and A-"' the zz-fold tensor product of A . Let L^ be the ideal in A(") ® A generated by elements of the form A.. ® (e, -ej)(a), and let A(zz, A) be the quotient algebra. The algebra A(2) ® ^4 has two differentials, one coming from d in A(2) and another from A . These induce two differentials dx, d2 in A(zz, A) with dxd2 = d2dx, so we can define a total complex A(zz, A) with d = dx+ d2. We will consider H*(A(n, A)) to be the cohomology of this double complex. Proof. Filter A(zz,,4) and A(n,B) so that Ex = A(n,H*(A)) and Ei = A(n, H*(B)), and now 77*(A) ~ H*(B) as algebras.
We assume that R is a field, so that 77*(X 
is an isomorphism.
Proof. It is easy to see that 4>¡ is an injection and that n¡ o </>7 is also. Now induction shows that both vector spaces have the same rank. as vector spaces, where Cn(K) is the configuration space of zz ordered distinct points in K [5] . Thus the spectral sequence of (2.7) converges additively to the cohomology of the configuration space of such a manifold.
The higher differentials in this spectral sequence in general are nontrivial, and we conjecture that they are determined by higher-order Massey products.
Support for this conjecture is the collapsing of the spectral sequence over Q in the case of a formal space (see Theorem 3.2).
Let Zn denote the symmetric group on zz letters. Then Ln acts on A(n,A) as follows: For 1 </</'< n let Xjt = Xi} . For / = ((/,,;,),..., (ik, jk)) and a eln, let ai denote ((a¡ , a¡) Proposition 2.8. The spectral sequence of (2.7) is a spectral sequence of ZBmodules.
Rational cohomology of the fat diagonal
It is the object of this section to prove Examples of formal spaces are some homogeneous spaces, k-connected 4k-manifolds, Kahler manifolds, and zc-connected 3/c-dimensional spaces. We conjecture that Theorem 3.2 is valid for any field, if A" is a /c-connected 3/cdimensional space.
The spectral sequence of a cosimplicial space
This section is an elaboration of § §5 and 7 of Bott-Segal [3] . Recall [4, There is a canonical map W' -» Tot(X x Y Z) which is a homotopy equivalence when g is a fibration. If now C* is a cochain functor, as in §1, we will define a natural cochain map (4.5) <£: TotC*(X)-+C*TotX.
In §5 we will show that under certain conditions tj> is an equivalence.
We have an evaluation map e: Ap x TotX -> X which is a map of cosimplicial spaces. C* has a functorial Eilenberg- We say the cosimplicial space X is convergent if tj> is a cochain equivalence. We recall the following consequence of the Eilenberg-Zilber theorem [8, p. 239]. The following is proven in [3] . In the next two sections we will apply the double complex of a cosimplicial space to obtain some collapsing theorem of the associated spectral sequences.
Function spaces
In Example 4.2 we saw that if AT is a simplicial set, then Y is a cosimplicial space for any space Y . Theorem 4.7 on convergence applies to yield (see [3, p. We now construct a functor FK : 3S -► 5^2¡ , where K is a simplicial set, 3> is the category of commutative DGA-algebras over a field F, and S?2S is the category of commutative simplicial DGA-algebras. Let A be a DGA-algebra Similarly one constructs an inverse map y/ to <p and this establishes the isomorphism.
For the function space Y' , we have a spectral sequence with E*~H*(C*(YK>)).
If we show that H*(C*(YKp) ~ H*(C*(YKp)), then the above arguments apply and we obtain follows by Kunneth.
Applications
In this section we collect some results that follow when we apply the previous theorem to special cases, notably when we take coefficients in the rationals and assume formality. We begin with the more general results. The only thing to describe is the algebraic spectral sequence E . This comes about by filtering E¡ as follows:
FkEi=^N'Ct(Kr,DrK)®1H*(Y){r). r<k We finish this section by showing that we have done things with sufficient generality so that we may include the space of sections of a fibration as BottSegal did (see [3] ). Then the two spectral sequences Er and Er correspond to the ones described by Gelfand-Fuks [6] for the special case of the cohomology of the Lie algebra of vector fields on M, which by the Bott-Fuks conjecture is the cohomology of a fiber bundle associated to the tangent bundle of M.
We recall from Bott-Segal [3] that if E -> X is a Hurewicz fibration, and let {Ua}a€A be a covering of X, then we may construct a cosimplicial space as follows. Consider the indexing set A . Let tr = (a0, ... , a ■) be a sequence. We define a partial order on the q's by q < t if set(er) D set(r). Note that if we associate 67 to a, where U = U n • • • n U , then er < t gives U" C Í7.. Define a simplicial space Xz, where w,= II \-°0 <-<°p Then |Xr| and X are of the same homotopy type for X a CW-complex.
Let Ta be the space of sections of E\Ua . Then the set {r^} forms an inverse system of spaces to which one associates a cosimplicial space Tz as in Example 4.3. Now TotTz ~ space of sections of n*E and if X is a CW-complex, then TotrL ~ T(E). By choosing the covering to be contractible, the spaces Ya are all homotopy equivalent to the fiber F of the fibration. Hence if we assume that dimA" < connect F, we can apply (4.7) to see that TotC*(rz) converges and can be used to compute C*(T(E)).
However, Bott-Segal defined a smaller cosimplicial space than rz to compute H*(Y(E)).
For any a el, let Va = [jaea Ua, where Ua is the star of a.
Then Ua is contractible if the covering is contractible. Let Ea = n~x(Ua); then {Ea} forms an inverse system of spaces and [3, (5.7)] shows the associated cosimplicial space E is homotopy equivalent to Tz . If we now do the same analysis as done in § §5 and 6 for the spectral sequences y of E and assume that Y -* E -> X is a Hurewicz fibration over a CW-complex X, dim X < connect F , then Theorem 7.1 generalizes to Theorem 7.7. There exists a spectral sequence abutting H*(T(E) ; F) with Ep = 0 N'Cp(Xr, DrX) ®lr H*(Y)(r).
If Y has trivial cohomology, then Ep is the homology of Ep using the boundary operator of (Xr, D' X). In general there exists an algebraic spectral sequence Er converging to E2, whose E2 is E2 when we assume H*(Y;F) has trivial cohomology ring. When F = Q and Y is a suspension, then EP2=Ç$Hp(Xr,DrX)®^H*(Y) [r) and the higher differentials depend only on the llPontryagin classes of E ".
The last statement means that if Y -►£■-► X is induced by a map X -> 567 for some Lie group G, we may look at char/s = f*H*(BG; Q) and the differentials involve classes in char E. We will deal with this more precisely in another paper.
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